If electrons are bound to atoms centered on &,

=7(@)Y 7R = Zr(g)py (9)

\[ i

atomic form factor



Slg) = {I pw (@) :3 [K 1lq)|* ]fhr X-Tays
pi (@)= dre™ py ()
= S(q)= [[drare™ T Npy (r)py ()
If {py (F)p oy (")) = Fn. of (r—r’) only,
Slg)=v [dr'e™ " Rlpy (F)py (F - R))

- Jare T RlR)
gl R) = Pair-distribution function

= Vipy (Flpy F - R))

=+ Probability that given a particle at 7, there is
distance B from it (per unit volume)

¢(R)=8(R)+ g (R)

Ed {E}H—}m — II';I:I.FJ.\"E

':i' ﬁﬂ /\/\_,_A_

= =

Ligquids and Glasses

i}-- ns 2(R) and hence Sig)
Sy) are 1sotropic,
1"
z4(R) =Reverse FT. of [S(g)— 1]
[ 2 Sin{gR) o
=dn ;] dgq” == 18()-1]

Sla)=1= [dRe™ gy (R)



A=ravs l

/ £ PN

TRcattering “anomalous™ i . -
factor” big at edpes

- Zfta) LAY T e NP

Af {E]I

AF(E)=2m j dE’

I{lamera—hmmg
[spersion Relations

r—tt? Eppa>
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sta)={|ov @*)
P () =_Ffff""3_iig'ﬁﬂ_-'u' (#)
= _Fjlqu = J"I‘ iar Eh-_l"‘.__:._,r:f -[r‘—.r'-"J {plﬂ.r {j} |.-J'|,|. {f';]}
If {|:'.-"-" (Fpw 'I:i"]l} = Fn. of (r—r") only,
Sta)= Jar'e ™R py (rlpy (¢ ~R)

= Jare™ RelR)
g{ﬂ'] = Pair-distribution function

= I'f'{_[},-...’ (Flpy {j__ -R }}

=+ Probability that given a particle at 7, there is

distance B from it (per unit volume)
2[R)=8(R)+ 2. (R)

Ed {E}H—}m — II';I:I.FJ.\"E

L‘" f'[#]'|2]ﬁﬂr X—Tays *ZZ

':i' ﬁﬂ /\/\_,_A_

= =

Ligquids and Glasses

il-- Ins 2(R) and hence S(g)
Sy) are 1sotropic,
1"

z4(R) =Reverse FT. of [S(g)— 1]

= 41:‘[:&:; g Sizfirf ) [Sg)-1]

Sla)=1= [dRe™ gy (R)



S(Q) and g(r) for Simple Liquids

* Note that S(Q) and g(r)/p both tend to unity at large values of their arguments
« The peaks in g(r) represent atoms in “coordination shells”

+ g(r) is expected to be zero for r < particle diameter — ripples are truncation
errors from Fourier transform of S(Q)

Fig. 5.2 The pair-disiribution function gir) obiained from the experimenial
resulis in Fig. 5.1, The mesn number density i o= 2132 10" atoms m ™"
{Afver Yarmell eral, 1973.)

Fig. 5.1 The struciare factor 5{x) for *Ar a1 5 K. The curve through the
experimental points is obtmined from a molecular dynamics calculation of
Werkel based on a Lennard-Jones ‘P:"Iﬂ'ﬂlili. (Afer Yarncl f‘l'-ﬂ‘.. 1973.3
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X-ravs

Ha)= Y. () Zx . Zg ficla)fer(a)S ki la)
KK

K[I , Cos’ {za]}
2

More than one type of atom
(KK = Different atomic types)

Six-la)= < Zf—fﬁ'IRf {K}'—R;{Ej]>
i(K)i(K)
= partial structure factor

These can be unscrambled by simultaneous measurements

of do for neutrons, different
i}

ISDI0pEes + X-rays.




Q=2k,s1n0



In general, in a scattering experiment

g =2k Sin® = ?ﬁin 0

A simple way to see Bragg's Law:

Path length difference between rays reflected from
successive planes (1 and 2) = 2dSm b

- Constructive interference when

nho=2dSn0




Define 3 other vectors:

b =2nla; xas /vy

B = 2m @y > )vg vg =dj -(a; xds)
= unit cell vol.
Iy = 2mla xaz )vg

These have the property that &, -E;- = 210

So if we choose any vector & on the lattice defined by
b0

unit cell LT _ _
G =+ 115 s
The repeating unit of a crystal.
then for any G, R,
Reciprocal Lattice G- Ry = 2nxinteger — Implies & is normal to sets

of planes of atoms spaced
n 2/Goapart.

_._

Lattice Vectors R, = mydy + maydy + miydy

i, d7 .47 — primitive translation vectors of unit ce - wi}:‘ﬁﬁ

5K Sinha

OR




Crystals (Bravais or Monotonic)

u’n:r] ( m"r —ii\Ry=R *]I\)
— ={h) e 2
[‘:"rﬂ HEuIrons ' Ill'z f

s !

where R, denotes a lattice site
e ik
= N{b) [§ iR )
\,‘.’f:_ /

Sow

EE_‘[‘T'E' = %Eﬁ[ﬁ -G)
¢ G

vy = Vol. of unit cell; ¢ = Reciprocal Lattice Vector

[ Property of reciprocal lattices and direct lattices:

E—.hf: K, =¢,nr-2’.|1' _ |]

e 2 [En}‘i’ o = 2
— ={h)"N - 8lg —Gle*
[dﬂ ].' pELEErOIS } L %




—2W

(Introduce e = “Form factor™ for thermal smearing of

/ 2
~{(g.q
atoms = ¢ \25) > = Debye-Waller factor)
Simularly,

2
[d_ﬂj - 22| 52 26) | 2 (g)e2"
oY 2

v 2n) S 8li-G)

\".|:|. 'I::

2kSme = GzETE n
{

—ﬂ}-:MS"“E Bragg's Law




Reciprocal Space — An Array of Points (hkl)
that is Precisely Related to the Crystal Lattice

G = 2dua (hk1)=(260)

a* =2m(b x ¢)/V,, etc.

A single crystal has to be aligned precisely to record Bragg scattering



Crystals with Complex Unit Cells
(more than one type of atom/cell)

(Generalization

! \
Ifﬁ I|III Ehll,': hﬂ"‘i’:‘_‘.ﬁil [-IF—E[ +E.Ii. —Err—EE.} I|III
'.III.F:’F:“’ /

where by is coherent scattering length {b) for K-type
atom in unit cell at position & 5.

F (structure factor)



do N-2rP o 20f. A
do)  _NLnf g 25
[{fﬂ ]n'fl'."]”.l"l'.l.l'ﬂ Z |

[n’_ﬁ] :.w-[?nyﬁilsza{q {1}[[+{‘Ds {:e}]

dil = iy 'L 2
where
A =2W g il Ry | NCTAY Structure
Fo = Zzﬁfﬁi{ e K e * factor
K

Measurement of Structure Factors — Structure
BUT what is measured is |.i‘?{;|‘E NOT Fi;!
— “Phase Problem™ — Special Methods

3 . i A By — o
Note that |Fy;|” can be written Eu Ll g e iG| Ry =Ry )
KK
so that its F. T, yields information about pairs of atoms

separated by Ry — Rj+ = Patterson Function,



The “Phase Problem”

Object Object
A B



Fourier Reconstruction with phases of object A and phases of Object B

-
# -
3
- %
*




Fourier Reconstruction with phases of object B and phases of Object A




Powder Diffraction gives Scattering on

Debye-Scherrer Cones
(220)

Incident beam
X-rays or neutrons

Bragg’s Law A = 2dsin® |
Powder pattern — scan 20 or A \I,



For a given &k, k" will lie on a cone (Debye-Scherrer
cone) traced out by a & on the Ewald sphere as it is
oriented randomly about the orgin of reciprocal space.

1658 _
28 = scattering
angle

o B (g '5:.-1-.-.&']

Peaks whenever Smb = A for all sets of planes
2d ppe

indexable by (fr. &, ¢) with spacing o (provided
2
Fhie~ #0)



B. Single Crvstal Brape Methods

y g o1 i ayrgr gk
Integrated Intensity under Brage Peak " Laue Method

l_.l' l.]i

Ippe = 6
hkt v2 Sin(26

\Fiyie :
)

(wnifE BEAMY)

W4

Wy VA .
Lk — ol 3 .7 |"LM"
vy 28in~ 8

2

il A Jfh = Incident flux between A, A-+dA




Texture Measurement by Diffraction

_ (220)
Non-random crystallite L™
orientations in sample \

s (200)

Incident beam
X-rays or neutrons

] F ] \
Debye-Scherrer cones \ / -
* uneven intensity due to texture ‘e’
* different pattern of unevenness for different hkl’s
* intensity pattern changes as sample is turned



2-D Crystals (Adsorbed Monolayers, Films)

If B, are all restricted to say the (x.y) plane, z-component

of ¢ will not affect =+ diffraction is on rods in reciprocal space through the

o ;. and parallel to z-axis

5[{}}= E_E-“?'(R[ -fy) I
" Only g.-dependence

which is thus independent of g ‘ ‘ T qd, of I along rod 15 due to

flg)e™*" (functions

Slgl=% 8l -G q .
gl. L‘i’l ||J }/ of gz but slowly
varying)

where —

{jl 15 2-D reciprocal lattice vector in plane Powders of 2-D Crystals

f}l 15 (x,¥) plane component of §

\ asymmetric (saw-tooth)
1(4) ! .. powder peak shape
~ {Warren)




Alloys, Crystals with Defects
(vacancies, impurities, etc.)

'|

do —ﬁ,z'ﬁ'" e —ij-|R - H_._:lll

dLl VEF i

[For neutrons, fy = (Sc. length of nucleus at site ) xe I

For x-rays, by = Zflg) e ry for atom at site 7.

For 2 types of atoms 1,2 with by, by

s |
O~ Iype +ha(t—p Nbrpp +b2(1—ps)]
il I"-.rf’

K[E—rﬁ-[ﬁi’r —Ew}ﬂ

d

where

P, = probability of occupn. by atom 1 on site 7.

Pr=c+ dp;

C= ”p,r,l = Conen, of type 1.



:E = (ﬁfgtr{i?}+ E{Ii b, ]1 i:ﬁﬂﬁﬁpﬁ‘e‘_"‘li I[E[—E;-}}
i .

where

b =be+by(1—¢) = average b

3
Sold)= ET Y.8lG-G)  [Bragg Peaks]
G

v

2™ term —» Diffuse Scarttering

If 8p;,8p - uncorrelated, (8pdpr...) ~ &y

2" term = (f; —h}‘f.*:p%} =‘U’1 - ) ell—c)



SAXS

Length scale probed in a scattermg experiment at

Small Angle Scattering [SANS]

g

2w
wave-vector transfer g 1s ~ [_] (E.g-. Bragg

: T
scattering dpp, ~ )
Gigee

Thus small ¢ scattering probes large length scales, not
atomic or molecular structure,

At small ¢, one can consider "smeared out™ nuclear or
clectron density varving relatively slowly in space.

1(g)e< [Jarare™ T Yo, (7)o, (7)

where

Ps (7) = scattering length (average) density for
neutrons

= electron density tor electrons.



Since uniform p, (#) would give only forward scattering,
we use the deviations (contrast) from the average density

1(g)e< [[arare™ "=V zp, (7)p, (7))

Single Particles (Dilute Limit)

Let py be average s/d (e.g., embedding media or solvent)

P be average /d of particle (assume uniform)

] =(py -pa)’ f"{fﬂr

1(g)==(py —Pn]'ZUF dre” 1T

where V' is over volume of particle, /() is determined by
shape of particle, e.g., for sphere of radius R,

Sin (R ) ¢R Cos (4R _ Partic
Jfqu'}={i"u}'m ['!1' J=q 1'?!.:-3[# | 1""r'|:|' Particle
(gR} Volume

ongin of 7 13 taken as centrond of particle.

Expanding exponential,
_imom - I
¥ || K A _aom N I
J-de =¥y ”’r;’fp”ﬁ 5 Fm (-7 ]'2 +...

BRI RCRE
~ ¥ 1_ljif’—

2 IF ir

2 [ drr?
Vgl 1- q :[I-_ +

T
N

rn rg = radius of gyration

+...

=

_ 2 1 22
so 1 )= p —Pn]llﬁ; =[1—§q I +“ Approx.

I 22
—_ tjzl'::','

1)~ Alpy -pp Ve 3

Guinier Approxn.



Scattering for Spherical Particles

2
1s determined by theparticleshape.

- |2
The particleform factor ‘F{Q) =

dee 07
4

Fora sphereof radiusR, F(Q) ﬂnlydcpcndmn themagnitudeof Q:

F o (0)=3V, {sm OR - QRGDSQR]
sphere I:QR) QR

Li(OR) - V,atQ=0

Thus,as Q — 0, the totalscattering from an assembly of uncorrelaed spherical
particles[i.e. when G(T) — 0(T)]is proportioml to the square of theparticle volume

times thenumber of particles.

For elliptical particles
replaceR by :
R—(a’sin’®+b" cos’ )"’
wheret}is the angle between

the major axis (a)and Q




Determining Particle Size From Dilute Suspensions

Particle size is usually deduced from dilute suspensions in which inter-particle
correlations are absent

In practice, instrumental resolution (finite beam coherence) will smear out
minima in the form factor

This effect can be accounted for if the spheres are mono-disperse

For poly-disperse particles, maximum entropy techniques have been used
successfully to obtain the distribution of particles sizes

- EEPERIMENT SWMEARED By INSTRUMENIA
RESOLUTION
4 & PESMEARED CURWE

LN |
AR
L nf._ Y b il

0 L] y A
} = o
)

Fig. 4. Plot of In 1{Q) vs Q for 398 vol.% monodisperse PMMA-H
spheres (core C1) in D, O/H,0O mixtures.




Size Distributions Have Been Measured
for Helium Bubbles in Steel

The growth of He bubbles under neutron irradiation is a key factor limiting
the lifetime of steel for fusion reactor walls

— Simulate by bombarding steel with alpha particles
TEM is difficult to use because bubble are small
SANS shows that larger bubbles grow as the steel is
annealed, as a result of coalescence of small bubbles
and incorporation of individual He atoms

1|'g= |l'|| ‘-[

N 250 | 825% F 4750
| e ."fn\‘l *H H"-.
II '_II § | |.\:
N | o\ avf
I |1 F | -
| | 1 Y ‘ | / \
| ! .
| =, IIII 1 II 1
| { ' _.::r by | | a'{fﬂ\k ¥ F .
] I il L i L1 W i LU L
kA kA R (Al

SANS gives bubble volume (arbitrary units on the plots) as a function of bubble size
at different temperatures. Red shading 1s 80% confidence interval.
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Contrast & Contrast Matching

|
W abir

APO  x rays

EHA

Frete e

I Cugar
——— Bile salts

 —
_—n.;.- Fhos phatid wicholineg

wWatar
 —

- Phesphatidylcholing

Yo

NEUTRONS OMA

D& Prolein

Lipid

* Chart courtesy of Rex Hjelm

16

A B

Both tubes contain borosilicate beads +
pyrex fibers + solvent. (A) solvent
refractive index matched to pyrex;. (B)
solvent index different from both beads
and fibers — scattering from fibers
dominates



Isotopic Contrast for Neutrons

Hydrogen  Scattering Length Nickel Scattering Lengths
Isalmpe b (fm) [sotope b (fm)
1 -3.7409 (11) N 15.0 (5)
D 6.674(6) 60N 2.8(1)
T 4,792 (27) 61 - |
I 7.60(6)
O*Ni -8.7(2)

"N -0.38 (7)
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Small-Angle Scattering Is Used to Study:

Sizes | of particles in dilute solution {Polymers,
Shapes | Micelles, Colloids, Proteins, Precipitates, ...

» (Correlation between particles in concentrated solutions
(Aggregates, Fractals, Colloidal Crystals and Liquids)

¢ Z-component or multicomponent systems ( Binery fluid
mixtures, Porous Media, Spinodal Decomposition)

For colliodal, micellar hquids:

$@)=Y fi (@) (g)ed 1R -Re)

£E
Form {:”’F Structure
Factor _ .i'.'f_ {fﬂ :5“{@} Factor

Spld)= Zﬂﬁ{ﬂf ~Re) _ g F. of centers of particles
FE

— Liquid- or glass-like

Fractals | These are systems which are scale-invarient
(usnally in a statistically averaged sense)

1.e., B — kR, the object resembles itself

(“self-similarity™)
Property: If #(R) 1s number of particles inside a sphere of
radius R
[ = Fractal (HausdorfT)
~RpD
i)~ R Dimension

It follows that

dnR%d Re(R) = CRP-14R - C = constant

(W S S|
nelR)=gP3_E
¢(R) 4m dm pi-D

. _n. D |
Sﬂ.[r:?}=jn’mf MRy (R)= Constx—
q”




Gt l-?.
gt =

r_f.ﬂl;l FRACiAL ql._# =D

LiGiME

"II‘.
InI o TRA fm_ afcmE  slese ~(€=2)

e Ing—

xamples: Apprecates of micelles, colloids, granular
materials, rocks®

Surface fractals S{If}“’ ﬁ

go 8




Scattering Geometry & Notation

Reflectivity:

q,=9,=0
d,= (41TA/sin@)







Perfect & Imperfect ,,Mirrors*




Basic Equation: X-Rays

Helmholtz-Equation & Boundary Conditions

VZE(r)+ken?(r)E(r)=0



Refractive Index: X-Rays & Neutrons

n2(f)=1+ N e’ . fE)

meg wo—wQ—Zi Mo W

_ 2 _. _magnetic
n%<r> =1-2mx V(r)+ part

Minus!! | _ Absorption
Dispersion



Derivation of n for neutrons:
Consider Schrodinger Eqn.
-(W212m)V2y+ (V-E) w= 0 E = (h?/2m)ky?
can be written:
Vig 1 -2k kdy = 0
V= (2mh?/m)b N; Ko = 2T1/A
SO:
n?=(1-(2m/[A%ky,2])V) = 1= (N°b/1T) N

2nd term <<1, s0 n =1 — (A?b/21T) N



Refractive Index: X-Rays

n(z) =1 2)‘72T re 0(2) - 14)‘7 (z)

re0 (10%m™2) §(107%)  p(cm™) a.(°)

Vacuum 0 0 0 0 Q(Z) — <Q<ZE7 y, Z>>$’y
PS (CsHy), 9.5 3.5 4 0.153

PMMA (C;H;0,), 10.6 4.0 7 0.162

PVC (C,H,Cl), 121 4.6 86 0.174

PBrS (CsH;Br),  13.2 5.0 97 0.181 .
quntzsio)  monr  esta s ooz ElECtron Density
Silicon (Si) 20.0 7.6 141 0.223 .

Nickel (Ni) 72.6 27.4 407 0.424 P r Of ’Ie !

Gold (Au) 131.5 49.6 4170 0.570

E=8keV A=154A



Single Interface: Vacuum/Matter

Fresnel- Reflected B k,—k,
Amplitude
Formulae P A kit
n=" : Transmitted O . kl y:

Amplitude b= A klz‘|'ktz

Wave-

Vectors ki 7= ksin Q;
e, = k(n = cos 051)1/2

7




Total External Reflection

n=1-6+ig —_—
Critical Angle:
cos a; = (1- O) cos q a, = (25)12~
0.3°



1.0

0.8

0.6

0.4

0.2

Q.0

Fresnel Reflectivity: R-{a)

= il

—
— ——

__ .\._\ _ﬁ/t’5=G __
- M — —8/6=1/50 :
— Total External . ——8/86=1/10 ]
i Reflection :
N Regime —
i R N N S NN N DR B L .
0-0 0.5 2.0 55




The ,,Master Formula®

Reformulation for Interfaces

)
R(q:) = Rr(qz) 1 ) exp(ig2) dz

S \

Fresnel-Reflectivity

ofthe Substrate  £yactron Density Profile



R(q,) = Rrexp(-q,’%) o
Roughness Damps Reflectivity

100 T T T T | T T T T | T T T T | I I [ | i : :
107" & =

- o=10A ]
~N_107%L ; \\ —
+ = A=154A E
T _ i

-3

10 3 sharp interface E

i — —error—function (NC) .

1077 = — - —erraor—function (BS) = N =

l - 3

E — - tanh—profile . ]

10—5 I RS TR T N TN TR TN SR N SR S S SN NN S SR S S L™
O 1 2 3 4 S



X-Ray Reflectivity: |
10
Water Surface
1072
0 e
. = . 0 005 0.10 0.15 0.20
Difference < 10° a? (&%)
Experiment- % . Fresnel Reflectivity
Theory: /
Roughness!! 107 .
107’ /
Braslau et al Measurement .
-8 ; " 1 N . I . 5
PRL 54, 114 (1983) 0 0.15 0.30 0.45

q, (&™)



\

Calculation of Reflectivity

Slicing
Slicing of Density Profile &

5(z)x) (6.—6._ ) Parratt-lteration
J J J 1// \\ // @

/ \

— / \

o
™ / ‘\
~ _/ /

Reflectivity
from
Arbitrary
Profiles !

* Drawback:

N

7 Numerical Effort !



Example: PS Film on Si/SiO,

— T T . Density Profile

10° Lo | e
#1X-Ray Reflectivity (NSLS)
o e A=1.19A d=109A
~ 197} Data & Fit
:: 107% E—
E 10‘65—
1078 —
0



