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Nobel Prizes for Research
with X-Rays

1901 W. C. Rontgen in Physics for the discovery of x-rays. %,
1914 M. von Laue in Physics for x-ray diffraction from crystals. /
1915 W. H. Bragg and W. L. Bragg in Physics for crystal structure determmaﬂon
1917 C. G. Barkla in Physics for characteristic radiation of elements.
1924 K. M. G. Siegbahn in Physics for x-ray spectroscopy.
1927 A. H. Compton in Physics for scattering of x-rays by electrons.
1936 P. Debye in Chemistry for diffraction of x-rays and electrons in gases.
1962 M. Perutz and J. Kendrew in Chemistry for the structure of hemoglobin.
1962 J. Watson, M. Wilkins, and F. Crick in Medicine for the structure of DNA.
1979 A. McLeod Cormack and G. Newbold Hounsfield in Medicine for computed axial
tomography.
1981 K. M. Siegbahn in Physics for high resolution electron spectroscopy.
1985 H. Hauptman and J. Karle in Chemistry for direct methods to determine
X-ray structures.
1988 J. Deisenhofer, R. Huber, and H. Michel in Chemistry for the structures
of proteins that are crucial to photosynthesis.




Advantages of Neutrons and X-Rays

Penetrating/ Non Destructive N (X)

Right wavelength/energy N,X

Magnetic probe N,X

Contrast matching N

Weakly interacting-Born approxn. N,X
Global Statistical information N, X

Buried Interfaces—depth dependence N, X



Neutron and X-ray Scattering:

“small” science at big
facilities!



Historic accomplishments (Neutrons)
*Antiferromagnetic Structures

Rare earth spirals and other spin structures
*Spin wave dispersion

*Our whole understanding of the details of exchange
Interactions in solids

*Magnetism and Superconductivity

*Phonon dispersion curves In crystals; quantum crystals and
anharmonicity

Crystal fields

Excitations in normal liquids
*Rotons in superfluid helium
eCondensate fraction in helium



Recent Applications

Quantum Phase Transitions and Critical points

Magnetic order and magnetic fluctuations in the high-Tc
cuprates

Gaps and low-lying excitations (including phonons) in High-Tc

Magnetic Order and spin fluctuations in highly-correlated
systems

Manganites
Magnetic nanodot/antidot arrays
Exchange bias



Applications in Soft Matter and
Materials

Scaling Theory of polymers

Reptation in Polymers

Alpha and beta relaxation in glasses
Structures of surfactants and membranes
Structure of Ribozome

Excitations and Phase transitions in confined Systems (phase
separation in Vycor glass; Ripplons in superfluid He films, etc.)

Momentum Distributions
Materials—precipitates, steels, cement, etc.



Recent Applications (contd.)

Proton motion in carbon nanotubes
Protein dynamics
Glass transition in polymer films

Protonation states in biological macromolecules from
nuclear density maps

Studies of protein diffusive motion in hydrated
enzymes

Boson peaks in glasses
Phase diagrams of surfactants
Lipid membranes



Applications of Surface/Interface
Scattering

study the morphology of surface and interface roughness
wetting films
film growth exponents

capillary waves on liquid surfaces (polymers, microemulsions,
liquid metals, etc.)

Islands on block copolymer films

pitting corrosion

magnetic roughness

study the morphology of magnetic domains in magnetic films.
Nanodot arrays

Tribology, Adhesion, Electrodeposition



X-rays and neutrons are

complementary to SPM’s

Yield GLOBAL statistical properties
about assemblies of particles

Can be used to study BURIED
Interfaces or particles

Impervious to sample environmental
conditions, magnetic fields, etc.

Can also be used to study single
nanoparticles ( synchrotron nanoprobe)




S.R. and neutron based
research can help us to

understand:
How the constituent molecules self-

assemble to form nanoparticles.

How these self-organize into
assemblies

How structure and dynamics lead to
function

How emergent or collective properties
arise



Interaction Mechanisms

* Neutrons interact with atomic nuclei via very short range (~fm) forces.
« Neutrons also interact with unpaired electrons via a magnetic dipole
interaction.



The 1994 Nobel Prize in Physics — Shull & Brockhouse

Neutrons show where the atoms are.. ..

Whan the newtrons
collide with atoms in the

sample material, thay
m::ﬂlﬁﬂaﬂ.nﬁrl kr;; Resaarch reador
scatt ering. ;5 -._ﬁ m_ |-- 5

= 1" z ..and what the atoms do.
o ]
3w s spactromatar with ~
Crysal that soris and rot atable orysals and

Detactors record the diredtions Torwards neulFons of rot atable sampla ﬁ-’
of the neutrons and a diffraction & certain wavelength JD— -
[l:.'l‘h-ﬂ s obtained. [ﬁl'lﬂl’ﬁ]l'] - GnG- Changes in the

a pattarn shows the chromatized Aeutrans= g_ 5 anargy of the
positions of the at oms relative shan s b . C,i T }:" ] nuull;r:ulllr:'::m
to one anothar. }M crystalline .Hﬂ Im-\';::II ey F ,L o :::|=nr crystal...

g . _:'_'\." . iEirI:' -~
" - A T |

When the neulrons

panetrate the sample
| thay start or cancel

osclllations n tha

ey : LT B
“{"'J,__'ﬁq ?. ] “\.ﬁf i ﬁ*
" o
¥ .
\‘\:T' o |

Crystal that sorts and ;
forwards newtrons of & I the nautrons
resate phonons or
a certain wavelangth th
magnons they
i:'“‘i-: = :1-“- themselves lose the w.and the newtnon s
omatzed newtrons energy these absorb then counted in &

Faxiis sp ectrometar = inelastic scattering detector.



Brightness & Fluxes for Neutron

& X-Ray Saurces

Brightness dE/E Divergence Flux
(s'm7ster™) | (%) (mrad?) | (s'm™)
Neutrons 10" 2 10x10 10%
Rotating 20 14
10 0.02 0.5x10 5x10
Anode
Bending 107 20
Magnet 0 0.1 0.1x5 5%10
Undulator
aps) | 107 10 0.01x0.1|  10%
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Brilliance of the X-ray beams
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The Neutron has Both Particle-Like and Wave-Like Properties

« Mass: m,=1.675x 1027 kg

« Charge = 0; Spin=1%

* Magnetic dipole moment: u, =-1.913 uy

» Nuclear magneton: py = eh/4mm;, = 5.051 x 1027 J T

» Velocity (v), kinetic energy (E), wavevector (k), wavelength (1),
temperature (T).

E =m\V%/2 =KkgT = (hk/2r)?/2m; k =2 /A = m_v/(h/2m)

Enerqy (meV Temp (K) Wavelength (nm)
Cold 01-10 1-120 04-3
Thermal 5-100 60 — 1000 01-04
Hot 100 — 500 1000-6000 0.04-0.1

A (nm) = 395.6 / v (m/s)
E (meV) = 0.02072 k? (k in nm™")



The photon also has wave

and particle properties

E=hv =hc/A = hck
Charge =0 Magnetic Moment = 0

Spin=1
E_(keV) A (A)
0.8 15.0
8.0 1.5
40.0 0.3

100.0 0.125



Thermal Neutrons

Advantages 'Cf

1) Ay ~ Interatomic Spacing
2) Penetrates Bulk Matter (neutral particle)
3) Strong Contrasts Possible (e.g. H/'D)

4) E, ~ Elementary Excitations {phonons, magnons, etc.)

5) Scattered Strongly by Magnetic Moments

Disadvantages ~

1) Low Brilliance of Neutron Sources-Low Resolution or Intensities; Large Samples; Low Coherence;
Surfaces Difficult

2) Some Elements Strongly Absorb (e.z. Cd, Gd, B)
3) Kinematic Restriction on () for Large E Transfers

4) Restricted to Excitatons = 100 meV



Synchrotron X-rays

s

Advantages <&

1} Ay - Interatomic Spacing

2) High Bnlliance of X-ray Sources - High Resolution; Small Samples; High Degree of Coherence
1) No Kinematic Restmctions (E,0) uncoupled)

4) Mo Restriction on Energy Transfer that Can Be Studied

Disadvantages N

1} Strong Absorption for Lower Energy Photons

2) Little Contrast for Hydrocarbons or Similar Elements
1) Weak Scattering from Light Elements

4) Radation Damage to Samples



Cross Sections

The efleciive area presaniad by a nucleus
le an incideni neutron. One unil lof cross
spcthon 8 the barm, &s in "can’t hit the side of
o barn!”

o measured in barns:
1 barn = 10~ cm?

Attenuation = exp(-Nat)
N = # of atoms/umit volume
t = thickness



Direction

i
ds /

Incident i

———
neulrons =

= - AXIS

& = number of incident neutrons percm’ per second
o = totalnumber of neutrons scatteredper second / @

do  number of neutrons scattered per second into d£2

aQ D dQ
d°c numberof neutronsscatteredpersecondinto d2 & dE
dQd @ dL2dE




Scattering by a Single (fixed) Nucleus

¥
A
k
| T | ™~ A Scattered Cireular
Ty - o
l_.f'/; Lx _— Wave bg
k ' »x
.k I\\a
N, _
Scattering Center
Incident | atr=0

Plane Wave &™*

* range of nuclear force (~ 1fm)
18 << neutron wavelength so
scattering 1s “point-like”

* gnergy of neutron is too small
to change energy of nucleus &
neutron cannot transfer KE to a
fixed nucleus == scattering 1s
elastic

« we consider only scattering far
from nuclear resonances where
neutron absorption 1s negligible

If v1s the velocity of the neutron (same before and after scattering), the number of neutrons

passing through an area dS per second after scattering s :

vdSly,.,[ =vdSbir =vb’ dQ
Since the number of incident neutrons passing through unit areasis : ® = v‘wmdm =V
do vb dQ

= =b* so0 . =4mh’

dQ  ®dQ

todal —




Intrinsic Cross Section: Neutrons
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Scatttering by a Single Free Electron

el. accelem — @ =£E.|:,
i
Radiated field — £ =——e* (¢, )Ej
™ {PLE

2 -
do [ e I+ Cos~(28)
do mc-z 3 «— “Polarization Factor™
T
F'[;_
—
}\‘:
—r
59)



Intrinsic Cross Section:
X-Rays

E — Eo ei(R-r—wt)
In

e
E (R, t)= X(t—R/c
rad( ) 47Z'€OC2R ( )
X(t—R/c) = —ia(a)) E._e'“"'°cosy
m
kR
EradE(R’t) — —rya(w) ~——cosy

In

Thomson Scattering Length
of the Electron

(classical electron radius) :
eZ
r, = ~=2.82x10""m
Are,mC




Intrinsic Cross
Section: X-Rays

)

: Resonance
Rayleigh Scattering
Scattering | @~ @,
oC (04
0 1

rad (R t) | f (Q)|

in

(do
\d_Qj = §(1+ COS2 lﬂ) I’02|Ol(a))|2
0

2
a

a(w) =—;

2 -
W —0 —Inw

Thomson Scattering

w>>m = (d—aj =r’P
dQ ),
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Adding up phases at the detector of the
wavelets scattered from all the scattering
centers in the sample:




Wave vector transfer 1s defined as

g = kf_k.



sum of scattered waves on plane 11

r¢| E —u,r R

- =

do _ 1-'cf5|'|-,lf.-;e - LAY ‘1|h z 4’1 :.-j-[:ﬂ',-—}-fj.]
dx .-flE L) vla "L RY dQ

_Eh"r’:"r_ﬂ?m E |
if

1+Cos2(28)
W f

—

f; — electron coordinates




For neutrons, by depends on nucleus (1sotope, spin relative
oneutron (7T or L T) ). ete. Even for one type of atom,

by = |:.l':I::l+E.l':ll,- e random varable

by = (1% + (B[ 81y |+ 515

.

ZET( zero unless i =

e

oo/ 4 e dm

.90 :{'h*‘?sz‘f’?'{ﬁ*"ﬁ o[ (52) —ﬂ}:}z] N
i

"coherent” "incoherent"

In most cases, we must do a thermodynamic or ensemble
average

! !

Iﬂrﬁ ; |2 | —rq.{ﬁ _E JIIII
=(h)"8(e Slg)={ ¥ e TR
aq = S@ ) H% /
I|- I|

{R; } = nuclear posns




rays

E

= 1?[1 + Cos?(26)] S(q)
2

o |
3 |

S(q) = (& exp[-19.(r-r;)])

{r;} == electron positions.



Now, ¥; exp[-iq.R;] = pn(d) Fourier Transform of nuclear density
[ sometimes also referred to as F(q) ]

Proof:
pn(r) = Zi (T - R;))
pn(@) =1 pn(r) expl-iq.rl dr =] % 8(r - R;) exp[-iq.r] dr
= %, exp[-ig.R]
Similarly,
2 exp[-i19.r;] = pgy(q) Fourier Transform of electron density
So, for neutrons, S(q) = (pn(a) p'(9) )

And, for x-rays, S(q) = { pe(a) pe () )



H has large incoherent o (10.2 x 1024 em?)
but small coherent & { 1.8 % 1024 em?)),

D has larger coherent o (5.6 » 10724 em?)
and small incoherent o (2.0 x 10-2% em?),

0 have completely coherent G's.

Voalmost completely incoherent

(Teon = 0.02 % 10-24 cm? Gipe = 3.0 X 1024 ¢m?)

NOTE: sz—"*i R, =pylg) F.T.of nuclear density function

PROOF: py(7)= _[;?F e T :IdF e 1T ppl(F)

~ [dr 17 S 85 - R )=y e R
:

i

Similarly for electrons.

5

] R 1 R N
S0 = P OV @) | Sy =5 (o @001




* Difference between H and D used in experiments with soft matter (contrast variation)

Values of 6., and ¢,

Nuclide | o, o, | Nuclide| o, Cine
H 1.8 80.2 vV 0.02 5.0
’H 5.6 2.0 Fe 11.5 0.4
C 5.6 0.0 Co 1.0 5.2

4.2 0.0 Cu 7.5 0.5
Al 1.5 0.0 BAr 24.9 0.0

* Al used for windows

* V used for sample containers in diffraction experiments and as calibration for energy

resolution

* Fe and Co have nuclear cross sections similar to the values of their magnetic cross sections

* Find scattering cross sections at the NIST web site at:
http://webster.ncnr.nist.gov/resources/n-lengths/




If electrons are bound to atoms centered on &,

=7(@)Y 7R = Zr(g)py (9)

\[ i

atomic form factor



A=ravs l

/ £ PN

TRcattering “anomalous™ i . -
factor” big at edpes

- Zfta) LAY T e NP

Af {E]I

AF(E)=2m j dE’
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Slg) = {I pw (@) :3 [K 1lq)|’ ]fhr X-Tays
pu (@)= dre™ py ()
= S(q)= [[drare™ T Npy (r)py ()
If {py (F)p oy (")) = Fn. of (r—r’) only,
Slg)=v [dr'e™ " Rlpy (F)py (F - R))

- Jare T R(R)
gl R) = Pair-distribution function

= Vipy (Flpy (F - R))

=+ Probability that given a particle at 7, there is
distance B from it (per unit volume)

¢(R)=8(R)+ g (R)

Ed {E}H—}m — rﬂ:p:'z

':i' ﬁﬂ /\/\_,_A_

= =

Ligquids and Glasses

i}-- ns 2(R) and hence Sig)
Sy) are 1sotropic,
1"
z4(R) =Reverse FT. of [S(g)— 1]
[ 2 Sin{gR) o
=dn ;] dgq” == 18()-1]

Sla)=1= [dRe™ gy (R)



S(Q) and g(r) for Simple Liquids

+ Note that S(Q) and g(r)/p both tend to unity at large values of their arguments
« The peaks in g(r) represent atoms in “coordination shells”

+ g(r) is expected to be zero for r < particle diameter — ripples are truncation
errors from Fourier transform of S(Q)

Fig. 5.2 The pair-distribution function gir) obisined from the experimenial
resulis in Fig. 5.1. The mean number density is p=2.132 10" atoms m™".
(Afver Yarmell e al, 1973.)

Fig. 5.1 The structare factor 5(x) for *Ar a1 B5 K. The curve through the
experimental points is obtined from a molecular dynamicy calculation of
Verlet based on a Leanard-lones polential. (After Yarnell ot al., 1973.)

3 B =

=

i




X-rays

Ha)= Y2y Zy. ficla)fg(a)Skx-(a)
KK

Kll , Cos? {za}}
2

(KK = Different atomic types)

Sixlq)= < Zf—fﬁ'lﬂ'f {K}—R;{Ej]>
i(K)i(K)

=» partial structure factor

These can be unscrambled by simultaneous measurements

of do for neutrons, different
i)

ISDI0pes + X-rays.



For Periodic Arrays of Nuclei, Coherent Scattering Is Reinforced Only in

Specific Directions Corresponding to the Bragg Condition:
A =2d,, sin(8) or 2k sin(B) = G,




In general, in a scattering experiment

g =2k Sin® = ?ﬁin 0

A simple way to see Bragg's Law:

Path length difference between rays reflected from
successive planes (1 and 2) = 2dSm b

- Constructive interference when

nho=2dSn0




Define 3 other vectors:

by =2mlay xas )/vg

by =2mlay xa )/vg vg =y -{a; xas)
= unit cell vol.
= 21‘1:':{_![ X s ]'I."'L’ﬂ

These have the property that &, -E;- = 210

So if we choose any vector ¢ on the lattice defined by
b iy

unit cell , —~ —~ —~
O =y + mabs +myy
The repeating unit of a crystal.
then for any &, R,
Reciprocal Lattice G- R; =2nxinteger — Implies ¢ is normal to sets
. - of planes of atoms spaced
Latice Vectors Ky =mydy + mady + mady - S P
] 2/Goapart.

¢
idy.id7.dy — primitive translation vectors of unit cell. -+ i&ﬁ% -

5K Sinha

OR




Crystals (Bravais or Monotonic)

u’n:r] ( m"r —ii\Ry=R *]I\)
— ={h) e 2
[‘:"rﬂ HEuIrons ' Ill'z f

s !

where R, denotes a lattice site
e ik
= N{b) [§ iR )
\,‘.’f:_ /

Sow

EE_‘[‘T'E' = %Eﬁ[ﬁ -G)
¢ G

vy = Vol. of unit cell; ¢ = Reciprocal Lattice Vector

[ Property of reciprocal lattices and direct lattices:

E—.hf: K, =¢,nr-2’.|1' _ |]

e 2 [En}‘i’ o = 2
— ={h)"N - 8lg —Gle*
[dﬂ ].' pELEErOIS } L %




—2W

(Introduce e = “Form factor™ for thermal smearing of

/ 2
~{(g.q
atoms = ¢ \25) > = Debye-Waller factor)
Simularly,

2
[d_ﬂj - 22| 52 26) | 2 (g)e2"
oY 2

v 2n) S 8li-G)

\".|:|. 'I::

k'-k=0
2kSmb=0G= n
o
— |A=2dSin8 Bragg's Law




Reciprocal Space — An Array of Points (hkl)
that is Precisely Related to the Crystal Lattice

Gy = 2m/dyy (hK1)=(260)

a* =2m(b x ¢)/V,, etc.

A single crystal has to be aligned precisely to record Bragg scattering



Crystals with Complex Unit Cells
(more than one type of atom/cell)

(Generalization

! \
Ifﬁ I|III Ehll,': hﬂ"‘i’:‘_‘.ﬁil [-IF—E[ +E.Ii. —Err—EE.} I|III
'.III.F:’F:“’ /

where by is coherent scattering length {b) for K-type
atom in unit cell at position & 5.

F (structure factor)



do N-2rP o 20f. A
do)  _NLnf g 25
[{fﬂ ]n'fl'."]”.l"l'.l.l'ﬂ Z |

[n’_ﬁ] :.w-[?nyﬁilsza{q {1}[[+{‘Ds {:e}]

dil = iy 'L 2
where
A =2W g il Ry | NCTAY Structure
Fo = Zzﬁfﬁi{ e K e * factor
K

Measurement of Structure Factors — Structure
BUT what is measured is |.i‘?{;|‘E NOT Fi;!
— “Phase Problem™ — Special Methods

3 . i A By — o
Note that |Fy;|” can be written Eu Ll g e iG| Ry =Ry )
KK
so that its F. T, yields information about pairs of atoms

separated by Ry — Rj+ = Patterson Function,



We would be better off
if diffraction measured
phase of scattering
rather than amplitude!
Unfortunately, nature
did not oblige us.

Picture by courtesy of D, Sivia

Figwre 1.3

A graphic illustration of the phase probles: (o) amf b} arse Che
original imeges. (c)] ds Ehe {Fourier} recomsireciien ehich fkasg [he Foinri&f
phaiver af (o) asrd Fourier smplitudes of (B); (d) i dhe reconmbruckon wiLh
the phaves of () and the amplitudes of (&)



Powder Diffraction gives Scattering on

Debye-Scherrer Cones
(220)

Incident beam
X-rays or neutrons

Bragg’s Law A = 2dsin® |
Powder pattern — scan 20O or A IW,



For a given &, k" will lie on a cone (Debye-Scherrer
cone) traced out by a G on the Ewald sphere as it is
oriented randomly about the origin of reciprocal space.

18R .
28 = scattering
angle

D (s A f6)

Peaks whenever Smb = A for all sets of planes
2dd g

indexable by (&, ¢) with spacing oy (provided
2
\Fhie|” #0)



B. Single Crvstal Brape Methods

y g o1 i ayrgr gk
Integrated Intensity under Brage Peak " Laue Method

l_.l' l.]i

Ippe = 6
hkt v2 Sin(26

\Fiyie :
)

(wnifE BEAMY)

W4

Wy VA .
Lk — ol 3 .7 |"LM"
vy 28in~ 8

2

il A Jfh = Incident flux between A, A-+dA




Texture Measurement by Diffraction

. (220)
Non-random crystallite it
orientations in sample \

s (200)

Incident beam
X-rays or neutrons

] F ] \
Debye-Scherrer cones \ / -
* uneven intensity due to texture ‘=’
* different pattern of unevenness for difterent hkl’s
* intensity pattern changes as sample is turned



2-D Crystals (Adsorbed Monolayers, Films)

If B, are all restricted to say the (x.y) plane, z-component

of ¢ will not affect =+ diffraction is on rods in reciprocal space through the

o ;. and parallel to z-axis

S(g)= Y ¢ (Re-Re) |
" Only g.-dependence

which is thus independent of g of I along rod 15 due to

‘ ‘ la,
L / flg)e™*" (functions
Slg)= {ZEL{" 179 J W ‘ of . but slowly

fl /

varying)

e
where q «

{jl 15 2-D reciprocal lattice vector in plane Powders of 2-D Crystals

f}l 15 (x,¥) plane component of §

\ asymmetric (saw-tooth)
1(4) ! .. powder peak shape
~ {Warren)




1-D Crystals

51 ) independent of g, and g,. Planes of scattering in
reciprocal space.




Alloys, Crystals with Defects
(vacancies, impurities, etc.)

'|

do —ﬁ,z'ﬁ'" e —ij-|R - H_._:lll

dLl VEF i

[For neutrons, fy = (Sc. length of nucleus at site ) xe I

For x-rays, by = Zflg) e ry for atom at site 7.

For 2 types of atoms 1,2 with by, by

s |
O~ Iype +ha(t—p Nbrpp +b2(1—ps)]
il I"-.rf’

K[E—rﬁ-[ﬁi’r —Ew}ﬂ

d

where

P, = probability of occupn. by atom 1 on site 7.

Pr=c+ dp;

C= ”p,r,l = Conen, of type 1.



:E = (ﬁfgtr{i?}+ E{Ii b, ]1 i:ﬁﬂﬁﬁpﬁ‘e‘_"‘li I[E[—E;-}}
i .

where

b =be+by(1—¢) = average b

3
Sold)= ET Y.8lG-G)  [Bragg Peaks]
G

v

2™ term —» Diffuse Scarttering

If 8p;,8p - uncorrelated, (8pdpr...) ~ &y

2" term = (f; —h}‘f.*:p%} =‘U’1 - ) ell—c)



SAXS

Length scale probed in a scattermg experiment at

Small Angle Scattering [SANS]

g

2w
wave-vector transfer g 1s ~ [_] (E.g-. Bragg

: T
scattering dpp, ~ )
Gigee

Thus small ¢ scattering probes large length scales, not
atomic or molecular structure,

At small ¢, one can consider "smeared out™ nuclear or
clectron density varving relatively slowly in space.

1(g)e< [Jarare™ T Yo, (7)o, (7)

where

Ps (7) = scattering length (average) density for
neutrons

= electron density tor electrons.



Since uniform p, (#) would give only forward scattering,
we use the deviations (contrast) from the average density

1(g)e< [[arare™ "=V zp, (7)ap, (7))

Single Particles (Dilute Limit)

Let py be average s/ (e.g., embedding media or solvent)

P be average /d of particle (assume uniform)

9

] =(py -pa)’ )|

1(g)==(py —Pn]'ZUF dre” 1T

where Vis over volume of particle, /() is determined by
shape of particle, e.g., for sphere of radius R,

Sin (R ) ¢R Cos (4R _ Partic
Jfqu'}={i"u}'m ['!1' J=q 1'?!.:-3[# | 1""r'|:|' Particle
(gR} Volume

ongin of 7 13 taken as centrond of particle.

Expanding exponential,
_imom - I
i |/ _aom N I
J-Fdw =¥y ”’r;’fp”ﬁ 5 Fm (-7 ]'2 +...

BRI RCRE
=y 1_1L

2 Ja

1= 4

' N

rn rg = radius of gyration

_ 2 1 22
so 1(g}e=(p) —PGJEI”:; :{]_Eq 16 +“ approx.

I 22
—_ :jEI::-:-

1)~ Alpy -pp Ve 3

Guinier Approxn.



Scattering for Spherical Particles

2
is determined by theparticleshape.

~ 2 o
The particleform factor ‘F (0) = j dre'®T
.

Fora sphereof radius R, F(QQ) onlydependson themagnitudeof QQ:

FW,?(Q}=3V[“"QR[Q?Q’TE“SQR] ﬁ;](m—wat@ 0

Thus,as Q — 0, the totalscattering from an assembly of uncorrelaked spherical
particles[i.e. when G(T) — 0(T)]is proportioml to the square of theparticle volume

times thenumber of particles.

For elliptical particles
replaceR by:

R—(a’ sin"®+b" cos’ )"’
wheret}is the angle between

the major axis (a)and Q




Determining Particle Size From Dilute Suspensions

Particle size is usually deduced from dilute suspensions in which inter-particle
correlations are absent

In practice, instrumental resolution (finite beam coherence) will smear out
minima in the form factor

This effect can be accounted for if the spheres are mono-disperse

For poly-disperse particles, maximum entropy techniques have been used
successfully to obtain the distribution of particles sizes

. EXPERIMENT SMEARED By 1NSTRUMEMIA
RESOLUTION
d & DESMEARELD CURWE

LN |
A
L nf._ 17 hwill

0 dr m
} = wr
)

Fig. 4. Plot of In 1(Q) vs Q for 398 vol.% monodisperse PMMA-H
spheres (core C1) in D;O/H,0 muxtures.




Size Distributions Have Been Measured
for Helium Bubbles in Steel

The growth of He bubbles under neutron irradiation is a key factor limiting
the lifetime of steel for fusion reactor walls

— Simulate by bombarding steel with alpha particles
TEM is difficult to use because bubble are small
SANS shows that larger bubbles grow as the steel is
annealed, as a result of coalescence of small bubbles
and incorporation of individual He atoms

N 250 _ 825% F /N 9750
| LT W\
1 L | % |
. L 1 |
o 10} - emp awf |
I | | '.l ; | .
1 | | i _"\\__'.
' I I il I.'I \ i I| // \
| | | | 'lIII d | / II'.
[ f i . I'\ ..':r- 1"1'*-_ | i I i 1 f{fﬁ\"u ek | 4 L
S wo 1 ] K e w e W R 10
] R R [Al

SANS gives bubble volume (arbitrary units on the plots) as a function of bubble size
at different temperatures. Red shading 1s 80% confidence interval.
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Contrast & Contrast Matching

APO x ravs

R &

|
Waler

Freteins

I Sugaer

| I bile salts
—
_-n.;.-F’h--g phatid wiehodine

Watar
———

-_P]:-o:phnu-:l:-'ltmlme

YHo

NEUTRONS OMA

D& Prolein

Lipid

* Chart courtesy of Rex Hjelm

16

A B

Both tubes contain borosilicate beads +
pyrex fibers + solvent. (A) solvent
refractive index matched to pyrex;. (B)
solvent index different from both beads
and fibers — scattering from fibers
dominates



Isotopic Contrast for Neutrons

Hydrogen  Scattering Length Nickel Scattering Lengths
[sotope b (fm) [sotope b (fm)
'"H -3.7409 (11) BN 15.0 (5)
D 6.674(6) N 2.8(1)
T 4792 (27) 6l |
TN 7.60(6)
*Ni -8.7(2)

N 038 (7)
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Small-Angle Scattering Is Used to Study:

Sizes | of particles in dilute solution {Polymers,
Shapes | Micelles, Colloids, Proteins, Precipitates, ...

» (Correlation between particles in concentrated solutions
(Aggregates, Fractals, Colloidal Crystals and Liquids)

¢ Z-component or multicomponent systems ( Binery fluid
mixtures, Porous Media, Spinodal Decomposition)

For colliodal, micellar hquids:

$@)=Y fi (@) (g)ed 1R -Re)

£E
Form {:”’F Structure
Factor _ .i'.'f_ {fﬂ :5“{@} Factor

Spld)= Zﬂﬁ{ﬂf ~Re) _ g F. of centers of particles
FE

— Liquid- or glass-like

Fractals | These are systems which are scale-invarient
(usnally in a statistically averaged sense)

1.e., B — kR, the object resembles itself

(“self-similarity™)
Property: If #(R) 1s number of particles inside a sphere of
radius R
[ = Fractal (HausdorfT)
~RpD
i)~ R Dimension

It follows that

dnR%d Re(R) = CRP-14R - C = constant

(W S S|
nelR)=gP3_E
¢(R) 4m dm pi-D

. _n. D |
Sﬂ.[r:?}=jn’mf MRy (R)= Constx—
q”




Gt l-?.
gt =

r_f.ﬂl;l FRACiAL ql._# =D

LiGiME

"II‘.
inI o TRA fm_ afcmE  slese ~(€=2)

e Ing—

xamples: Apprecates of micelles, colloids, granular
materials, rocks®

' Surface fractals S(q)~ T-D

q




X-Ray Scattering Scheme

~ OCTOBER?2, 1897 ARGONNE CENTRAL DAMPUS

CENTAAL LAB/

CONFERENCE CENTER.

LOW-ENERGY UNDULATOR
TEST LINE

PERIMENT HALL

GERNG

Scattering ~ Power Spectral Density
1(0,.0y) ~ S(0xdy) = FT (CXY



Scattering Geometry & Notation

Reflectivity:
0x= 0y =0
q,= (4m/A)sina.







Perfect & Imperfect ,,Mirrors®




Basic Equation: X-Rays

Helmholtz-Equation & Boundary Conditions

AE(F) 4+ k2 n(7) E(7) = 0



Refractive Index: X-Rays & Neutrons

n2(f) =1+ N-- _, [0

meg wo—wQ—Zi Mo w

5 _. _Mmagnetic
n;(r) = TR V(r)+ part

Minus!! . . Absorption
Dispersion



Derivation of n for neutrons:

Consider Schrodinger Egn.

-(h22m)A%y + (V-E)y = 0 E = (h?/2m)k,?
can be written:

A%y +[1 - (2m/M2)V] k> = 0

V= (2xh?/m)b N; ko= 27/A

SO:

n>=1-(2m/A%)V = 1 - (A°b/n) N

2ndterm<<1,s0 n=1 - (A%b/2r) N



Refractive Index: X-Rays

n(z) =1 2)‘72T re 0(2) - 14)‘7 p(z)

re0 (10%m™2) §(107%)  p(cm™) a.(°)

Vacuum 0 0 0
PS (CgHg), 9.5 3.5 4
PMMA (C;H;0,), 10.6 4.0 7
PVC (C,H;Cl), 12.1 4.6 86
PBrS (CsH;Br), 13.2 5.0 97
Quartz (SiO,) 18.0-19.7 6.8-7.4 85
Silicon (Si) 20.0 7.6 141
Nickel (Ni) 72.6 274 407
Gold (Au) 131.5 49.6 4170

0 Q<Z> — <Q<$, Y, Z>>33ay

0.153
0.162
0.174
0.181
0.21-0.22
0.223
0.424
0.570

Electron Density
Profile !

E=8keV A=154A



Formal Solution

Refractive
Index
of the

sample
n(x,y,z) Refractive Lateral
Index Profile Distortions

{ |

o Diffuse
Reflectmty Scattering




X-Ray Reflectivity: Principle

Visible Light 1, | n_l_n2

Reflectivity: | y
n,>1 n,

X-Ray n,

Reflectivity:

n2<1 n2




Total External Reflection

n=1-6+i8

_ Critical Angle:
cos o = (1- 0) cos a =0
=i-olcs e e > 01, % \25 -

GRAZING ANGLEé)'ﬁ!



Single Interface: Vacuum/Matter

Fresnel- Reflected P = B kl 2 k £,2
Amplitude
Formulae " A ki th
=1 L Transmitted O 2 kl 2

Amplitude 1= A k1z+ktz

Wave-

Vectors ki ;= ksin
e, = k(n = cos 051)1/2

7
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Fresnel Reflectivity: Re(a)

= il

__ .\._\ _ﬁ/t’5=G __
- M — —8/6=1/50 :
— Total External ——8/6=1/10 s
i Reflection ' :
N Regime :
i | L .
0-0 0.5 2.0 55




The ,,Master Formula“

Reformulation for Interfaces

1 ¢ dol(z . :
R(g:) = Rp(q:) — I d< >e><p(1 gz2)dz
/ Ye's Z
Fresnel-Reflectivity ‘
of the Substrate

Electron Density Profile



R(qz) = RFeXp('qZZGZ)

Roughness Damps Reflectivity

10° L — -
107" & =
~ 10721 O-J'=1OA \\ _
T B A=154A E
= f :
-3
10 3 sharp interface E
i — —error—function (NC) .
1077 = — - —erraor—function (BS) = N =
— “ =
- — - tanh—profile ~. 7
_ N
10—5 IR S S NN TR TN AN T N T SR SR SR NN S SN SR N Lo
O 1 2 3 4 S



10°
X-Ray Reflectivity: .
Water Surface
1072
Lo
_ = . 0 005 0.10 0.15 0.20
Difference <o a? (&%)
Experiment- % Fresnel Reflectivity
Theory: /
Roughness!! 107 o«
107’
Braslay et al Measurement .
-8 ; L 1 ) . I . 2
PRL 54, 114 (1985) 10 0 0.15 0.30 0.45

q, (&™)



Example: PS Film on Si/SIO,

Density Profile
10° 7 ¢ .y|
L Ee A=119A d=109A 5 |
~ 10 % Data & Fit 4
3 __ t-c:');
S . | 2
=107k 1f
% — ot
€ 107k
107° |
0.0



\

Calculation of Reflectivity

Slicing of Density Profile
6<Z>%Z<6J_6J_1 )//’—\
J

/ \
/ \ /

— )4
~ y \
=3 = N /

N

Slicing
&
Parratt-lteration

Reflectivity
from
Arbitrary
Profiles !

» Drawback:
Numerical Effort !



Crystal Truncation rods
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Incidence-Diffraction

Grazing




X-Ray Reflectometers

. Q) ./ Laboratory

Setup

("slit 3")
X-ray source
rotating anode

synchrotron

Synchrotron _
Setup detfctor

slit 4

HASYLAB: CEMO



Reflectivity from Liquids |

a'e | 1.
Synch f .. | :
o (]

u
|
|

1
?

r
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We Have Seen How Neutron Scattering
Can Determine a Variety of Structures

KRy reey MDA

e 2% pe d g

[ B

surfaces & interfaces disordered/fractals biomachines

but what happens when the atoms are moving?

OHDD0200 9.9 Can we determine the directions and
L iy Xe

l-' BRSNS k_ . . .
l__act_d & .g;}gﬁd,g_g Do time-dependence of atomic motions?
ﬂﬁ‘;ﬂ{ﬁlﬂfjﬁﬁgggﬁ Can well tell whether motions are periodic?
R oot D L4 S
C‘wﬁigi‘ﬁ?ﬁ;ﬁ:ﬁﬁ# Etc.

S f’@%&z SSeNe
"‘H N “‘1.,..;'- e .
MPPF‘? Fx i riﬁ These are the types of questions answered

by inelastic neutron scattering



The Neutron Changes Both Energy & Momentum
When Inelastically Scattered by Moving Nuclei

(8) Ewstic Scatering (i’ k) v
e

nnnnn

0= 2ksing - 222 i
inelastic scatiering

_____ k % Beatiering i shich srceangs of snomgy e

rurrenbum heimeen The incident neution pnd

— 1hin s Coutes boln the direction and i
snagnibae ol the rstion s wers wecion 1o

s




The Elastic & Inelastic Scattering Cross
Sections Have an Intuitive Similarity

* The intensity of elastic, coherent neutron scattering is proportional to the
spatial Fourier Transform of the Pair Correlation Function, G(r) |.e. the
probability of finding a particle at position r if there is simultaneously a
particle at r=0

+ The intensity of inelastic coherent neutron scattering is proportional to
the space and time Fourier Transforms of the fime-dependent pair
correlation function function, G(r,t) = probability of finding a particle at
position r at time t when there is a particle at r=0 and =0.

* For inelastic incoherent scattering, the intensity is proportional to the
space and time Fourier Transforms of the self-correlation function, G_(r,1)
l.e. the probability of finding a particle at position r at time t when the
same particle was at r=0 at t=0




The Inelastic Scattering Cross Section

s

2 d
Recall that| -2 % | =52, K ns@.0) and |- | =52 Ens .0
dQdE | k dQdE | k

where S(0,®) = ﬁﬂ G(F.0)e"“ ™ didt and S.(0,w)= zﬁ [[G, @ 0e" O drdr

and the correlation functions that are intuitively similar to those for the elastic scattering case:

G(F. r}——j<ph F0)p, (F+R.)\dF and G (F,1)= EJ'(E(; ~R,(0)8(F+R-R, (r))}d

The evaluation of the correlation functions (in which the p's and & - functions have to be treated
as non - commuting quantum mechanical operators) is mathematically tedious. Details can be
found, for example, in the books by Squires or Marshal and Lovesey.



Examples of S(Q,w) and S.(Q,m)

+ Expressions for S(Q,®) and S,(Q,®) can be worked out for a
number of cases e.g:

— Excitation or absorption of one quantum of lattice vibrational
energy (phonon)

— Various models for atomic motions in liquids and glasses

— Various models of atomic & molecular translational & rotational
diffusion

— Rotational tunneling of molecules

— Single particle motions at high momentum transfers

— Transitions between crystal field levels

— Magnons and other magnetic excitations such as spinons

 |Inelastic neutron scattering reveals details of the shapes of
interaction potentials in materials



A Phonon is a Quantized Lattice Vibration

« Consider linear chain of particles of mass M coupled by
springs. Force on n’'th particle is

Fo=ou, +o(u,  +u )o@, ,+u, )+

" “\\
First neighbor force constant displacements

« Equation of motionis £, =Mi,
« Solution is: u,(t) = Aqe““'"""'“” with mj = %Zﬁv sinlilzvqa}

4 N 2
g=0+" 420 GO W
L1 2 L

Phonon Dispersion Relation:
Measurable by inelastic neutron scattering o8 :

qa/2m



Inelastic Magnetic Scattering of Neutrons

« |n the simplest case, atomic spins in a ferromagnet precess
about the direction of mean magnetization

H= zJ(! ~1")S..S, H+thb+

i \

exchange coupling spin waves (magnons)

ground state energy

with
ho,=28(J,—J,)  where J =Y J(I)e" o
! Fluctuating spin 1s

hw, = Dg* is the dispersion relation for a ferromagnet p:erperl'ldicu]ar tﬂ' mean spin
direction == spin-flip

neutron scatteri ng

TYYYIPYYYYYY

pin wave animation courtesy of A. Zheludev (ORNL)



Measured Inelastic Neutron Scattering Signals in Crystalline
Solids Show Both Collective & Local Fluctuations™

—r R ——
T = 75K O=007A" T=044K |

" r_:_JI.}LgLE/.\M

=04 <02 0.0 0.2 0 ]

Energy (me) Cnergy (meV)
Spin waves — collective Crystal Field splhittings
excitations (HoPd,Sn) — local excitations
U RRELELE JLELELN NS B AL
TailK

1k 11{1 i -laf’/ll\"

-2 o 2 4 L L
Enesgy (meV)

Local spin resonances (e.g. ZnCr,0,)

* Courtesy of Dan Neumann, NIST
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Atomic Motions for Longitudinal & Transverse Phonons



The Accessible Energy and Wavevector
Transfers Are Limited by Conservation Laws

» Neutron cannot lose more than its initial kinetic energy &
momentum must be conserved

Intersection of the dynamical
range surface (paraboloid) with
a (rotationally symmetric) dis-
persion surface. The projection
of the lines of intersection
into the Q-plane are different

for energy gain and energy loss




Triple Axis Spectrometers Have Mapped Phonons
Dispersion Relations in Many Materials

Point by point measurement in (Q,E)
space

Usually keep either k, or k. fixed

Choose Brillouin zone (l.e. G) to maximize
scattering cross section for phonons

Scan usually either at constant-Q
(Brockhouse invention) or constant-E

Phonon dispersion of °Ar



Examples of Phonon Measurements

Phonons in **Ar — validation
of LJ potential

Roton dispersion in *He

Kohn anomalies
in '9%Cd

Phonons in ''Cd




Time-of-flight Methods Can Give Complete Dispersion Curves at a
Single Instrument Setting in Favorable Circumstances

Eivery I Trasmler [meY]
Energy Trarmler (me'V)

R e Momenw m Trender [=) Eminmd Momenium lmedo [

CuGeO; 1s a 1-d magnet. With the unique axis parallel to the incident
neutron beam, the complete magnon dispersion can be obtained



Much of the Scientific Impact of Neutron Scattering Has Involved
the Measurement of Inelastic Scattering

10000 I I
. e 3PS5 - Chopper Spectrometer -
[LL - swithout & pin-gcho
s00 L ILL - with 8 pin-e cho _
Elastic Scattering
- E
uE.n- 1 -
- Motions  Iteractions :
e [l Qe ts Basol v Metallwrgiaal 0 Crystal amdl Awcwr abe Liguid Sirueinre
2 | Micales Puly iers Syt Protias Magigic  AmOPhow Prcidon Crysillogmphy_
= Prus sins in Solwsion Cilloidds Strwctures sl A rnabe iy
= Viirsis Critical
= Seattering 5 fawrar
o, 001 |- Moatioms -
2l | Resolwd
o DT usive:
FE, Aggregate Modes
— sk b =
Polymars Modac ular
and Flao fentation
rd | Biological Tunmaling ]
Syslams Spactroscopy
Swurfaco
— Effects? —
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Energy & Wavevector Transters accessible to Neutron Scattering



Coherence Lengths

£ =22/ A\
= M(AA /A) 2

& =AR/s
(ghor.’ gvert.)




Photon Correlation
Spectroscopyl

Brownian Motion of 100 particles Diffraction Pattern Speckles

i SRR AN
A o oy F

QuickTime™ and a QuickTime™ and a
Video decompressor Video decompressor
are needed to see this picture.

are needed to see this picture.

Intensity-intensity auto correlation oo e @
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Photon Corrd at

X-ray speckle pattern from a static silica aerogel




Formal Theorv of Scattering

MNeutrons

Wi ncident neutron wave .
¥a  1mbhal sample wave fn.
Wi scattered neutron wave .

¥y final sample wave fn.



do 1 1E Density of k-pts / unit vol. of & r
. - W= s “_'] 21nsi ¥ 0 '-p S0l vol. O "EPEEE‘ =
[n’ﬂ. lb—;:r ® du; Eh—E"h (2x)

Wi i = Number of transitions kA — k' per second

Use Fermi's Golden Rule:

& n = ox |2
N W = kaa|{;:':~, VIkn) (2)
.ﬁ_i
2
Er _ .ﬁ' A_rE
vir= NMumber of neutron momentum states in €2 per unit Zm
energy range at k. )2
; i : : dE" = —k'dk
V= Interaction potential of neutron with the sample. i
P;E, ) Now vedE = Number of k-pts inside €2 with energy
H = Hyeytrons m I Hﬁ.'.:.'.h'r,l'ﬂ-"r.’ +F between £, and E" + dE’
i . : : - i
Quantize states in box of side L with periodic boundary = (K'Yt 0——
conditions: (2m
ﬁf:E—n(ﬂ-n n} Bom
g ety LV = —jﬂ;:’fﬂ

(21) h*



Incident neutron wave fn.  yy = = ¥k
. r:. ﬁ
Incident flux @ = vy |" = —k —3
mo

Thus, by Egs. (1).{2),

’ 2
dao K[ m 61/ /i L 2
— =— LR Ik
[“'ﬁ l\—}l’ k (Emﬁz ] "L1| | lH

Use energy conservation law,

.
[:;,L - [ ]|r.-’1|1 o)’
{ il _h-:".l Eﬂ:ﬁ'

8(E) - Eps+ E-E')

Formally represent interaction between neutron and
nucleus by a delta-fn. (Fernu pseudopotential)

'[';[":lr - Ei}= ”a(ﬁu - EJ]

(3)

(4)

Consider elastic scattering again from a single fixed
nucleus:

=k .
Elastic FA VIEL =a
= KAV =
] 2
. da m 7
i3) oives = a”
L} [Exﬁz ]

Comparing this with the result % =h*
{

[}!nﬁz },
a= 1
I
2h?

Thus Fir) = [—}hﬁ{r} is the effective interaction
o

between a neutron at # and a fixed nucleus at the ongin,



Scattering by an assembly of nuclei:

e [ET: ]Z.b 8(7 - R, ) for neutron at 7 .

t‘}:

A

1

2NN s
e B (v

2}
= /

il

)

Lq J{ﬁ_r[f?—ﬂ-f" [ [[ Ry ...dRy

J"|'I s
i)
J=!

Thus from Eq. (4)

2 : N
dea k
_ hh
[nfildE'L .k Z v
—A

where

LK winha

(3)

hw=E — E" = Neutron energy loss

Summing over all possible final states A" of the sample
and averaging over all initial states A, we obtain

)13

.F‘) =E_IE_E}‘.&T

".

.'

qu

::;Er ."ll .
IV

8 E; — Eyr + hao)

z=Y LT

A

by depends on nucleus (1sotope, spin relative to neutron
TT or L), etc. Even for a monatomic system

b; =(b)+8b; « random sample

bib; = {ﬁr}z + {h}[‘%’-‘h &by I+ o, &b
T
ZET0 zero unless | = j

.'lI lll'||=|'llb2'l'||_ h'.!
ll".ah'l fov {'J

i < ] 1r:r d o
5‘:’ rd = [ + ,
dOdE dOdE dOdE
coh Ine

1l



Write it as

.I'I [ -tflﬁ ]L .ﬁ' Teoh N {q {!.'l}l
20

EF_M H

i

R J.
[rfih#E’l jﬁ g;ﬂ ".}L

dQd " k& 4m

dCudE 5.’ 4m

n’zﬁ A ¥
] — B NSipe (. @)
In<

III |
.ﬂ.,"'

rzﬁfq"-ﬁj

g

ZH iRy

i

)

i’ T oan 402 Lo | =ig-R |5 »
[rfﬂ;.f.h"’l =k[l:'uh f“*h} }ZH‘E@}“ ! H Seonld MZEU
ne

M e

L]

B E; — Eyr + ha) | (6)

- .._ Ill
/ .I'Ef:j Rj ‘lll:'

_ 1 | —ia. R
Sin-: [{fsm}: NZPAZU-‘E i K
IrN i

E{E}L — Eye +ﬁ{l}}



Heisenberg Time-Dependent Operators

If A 15 any operator, and H 15 the system Hamiltonian

15 the corresponding time-dependent Heisenberg operator.
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Thus. by (6).
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Let p (7 ) be density fn. of nuclei,
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It's Fourier Transform
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NOTE: R{0), R;{f) are not commuting operators in
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In 17 order — 1-photon absorption, emission

In 2™ order — scattering
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Elastic Scattering: @ = 00 — “Infinite time average.”
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